ABSTRACT. The Lusternik-Schnirelmann category of a manifold M is the smallest integer k such that M can be covered by fc open sets each of which is contractible in M. The classification up to cobordism of manifolds with category 3 was completed by the author in 1985. The object of this paper is to attempt a similar classification of manifolds with category 4.
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Preliminaries.
We begin by recalling the concepts of cobordism category, introduced in [6] , and Poincare algebras [9] .
Let BO denote the universal space of the infinite orthogonal group. It is well known (see [5] ) that the cohomology2 of BO is the polynomial ring Z2[W/i, W2,...}, where Wi is the ith Stiefel-Whitney class. The Steenrod Squares act on H*(BO) with action given by: Sq1 (Wj) = 0 if i > j and otherwise
The Wu classes, Vi, can be defined inductively by the equations «o = 1 and Wt = vt+ Sq1^-!) + • • • + Sq*_1(wi).
Let M be an n-dimensional manifold. Then there exists (see [9] ) a graded algebra p* and an epimorphism /: H*(BO) -» p* satisfying:
(1) x[M] = 0 iff x = 0 in p* for all x e Hn(BO).
(2) x = 0 in p* iff x ■ (p"-^*)) = 0. In view of (1), we can restate this as: x = 0 in p* iff all Stiefel-Whitney numbers divisible by x are zero.
(3) If M is nonbounding, then p* is an n-dimensional algebra with Poincare duality. Otherwise, p* = 0.
(4) The Steenrod squares act on p* in the obvious way, and both the Cartan product formula and the Wu formula still hold in p* as does the relation between the Stiefel-Whitney classes and the Wu classes.
(5) ViX = Sq'(a;) in p* if i + dim(z) = ra.
(6) Vj = 0 in p* if j > n/2.
(7) Vj is decomposable in p* if j ^ power of 2. Note. (1) and (2) essentially define p*. (3) is a consequence of (1) and (2) . (4) and (7) follow from the corresponding properties being true in H"(BO).
(5) and (6) are the result of combining (1), (2) , and the corresponding results in H*(M). p* will be called the Poincare algebra associated with M.
DEFINITION. Let p£ denote the ideal of fc-decomposable elements in p*. Then the cobordism category of M, denoted by cobcat(M), is the least integer fc such that p*k = 0. As a trivial consequence of (2) we have the following results:
1.1. If cobcat(M) < fc, then all fc-decomposable and all (fc -1)-decomposable elements not in the top dimension are zero in p*.
1.2. cobcat(M) < fc iff W%1 ■ Wlp{M] = 0 for all partitions iy -\-\-ip = n with p > fc.
From this it follows that cobcat is a cobordism invariant, and cobcat(Mi L)M2) < max(cobcat(Mi),cobcat(M2)). Since cat(M) is an upper bound for the length of nonzero products in cohomology (see [2] ), cobcat(M) < cat(M).
We close this section by stating two results from [6] which will be needed later.
2Cohomology will always be mod 2. 2. Even-dimensional manifolds with cobcat(M) < 4. In the next two sections we will attempt to describe the cobordism class of an n-dimensional manifold M with cobcat(M) < 4. Throughout the rest of the paper p* will denote the Poincare algebra associated with such a manifold M, and p*. will denote the ideal of decomposable elements. The symbol ( ) will denote a mod 2 binomial coefficient. Its entries will not be entered if they are irrelevant.
In this section we will show that we can reduce the problem to one of looking at odd-dimensional manifolds. In view of (1.2), we note that all we need to do is to examine the products WiW3 Wk, where i, j, fc > 0, and i + j + k = n. As a trivial consequence of the Wu formula we have: 2.1. W2,+k = Sqk(W2.) modp^ where 2s + k < ra, and 0 < fc < 2s. We also have PROOF. Since Wy = 0, we may assume j > 1. By Lemma 2.6, WjWn-j = 0 and clearly WjX = 0 in p* if x is 3-decomposable. Thus all we need to do is to show that WjX = 0 in p* if x € p2 and dim(x) = ra -j.
(1) Let k = n -j -2. Thus fc is odd, and so WjW2Wk = W2 Sq^-iW/t) = 0 in p* by Lemma 2.6.
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COROLLARY 2.14. Let n = 2r + 2, where r > 2, and let M be a nonbounding, n-dimensional manifold which is not cobordant to a square. Then M is indecomposable.
PROOF. s2t+2 = Sq3(s2---i) = v^s2r-y.
Moreover v$ is decomposable, and 82---1 = W2r_y modp;. It follows that s2r+2 = W3WV-1 = (Ws+Sq1 (W2))W2r_y = WyW2W2r_y in p*. By hypothesis, and Proposition 2.12, WyW2W2r_y ■£ 0 in p*, and so M is indecomposable. □ 3. Odd dimensional manifolds with cobcat(M) < 4. The results of §2 have reduced the problem to one of looking at the odd-dimensional manifolds. The most tractable of these dimensions seem to be those ra for which a(n) > 4, where a(n) is the number of nonzero terms in the 2-adic expansion of ra. PROOF. W2r+k = Sqk(W2r) = Sqfc(t>2>-) modp;. Moreover, v2r = 0, and so, WV+fc is decomposable for each 0 < fc < m. Hence, W2r+kX = 0 in p* if x is decomposable.
It is easy to see that Wn = 0, and WiW"_i = 0. Moreover,
Since a(n) > 4, (ra -l)/2 is not a power of 2, and so «(n_i)/2 is decomposable. Thus, W2Wn-2 = 0. Assume inductively that WiWn-i = 0 for all 0 < i < j, where 2 < j < rra. Then:
and so by the induction hypothesis, WjWn-j = Sq3(Wn-j) = VjWn-j-Wn-j = W2r+m-j is decomposable, and so is Vj ii j is not a power of 2, and so in this case WjWn-j = 0. If j = 2s, for some s > 2, then
Since a(ra) > 4, Wy = 0 in p*. Moreover, 2s < m implies that 2s + 1 < rra, and so, Wn-2>-y+t is decomposable for all 0 < t < 2s -1. We also know that W2Wn-2 = 0.
Thus, WjWn-j = 0 for all 0 < j < m. D PROOF. For any 0 < fc < ra, either fc > 2r, or ra -fc > 2r. Thus, by Proposition 3.2, WkWn-k = 0 for all 0 < fc < ra, and so by Theorem 3.3, M is a boundary. □ LEMMA 3.5. If n is odd, Wy = 0 in p*, and M is decomposable, then the Wu class Vj = 0 in p* whenever j is not a power of two. PROOF, vj is decomposable, and so VjX = 0 for any x € p2. If j is odd, then VjWn-j = SqJ(Wn-j) = Sq1 Sq>~1(Wn-j) = 0 since Wy = 0 in P*. If j is even, then ra -j is odd, and so by the Newton formula, Wn-j = sn-j modp;. Hence, VjWn-j = VjSn-j = SqJ(s"_j) = ( )sn = 0 since M is decomposable. □ LEMMA 3.6. // vkWn-k = 0 for all 0 < k < ra, then WkWn-k = 0 for all 0 < fc <ra. PROOF. v2r = 0. If 2° < 2r, then ra -2a > 2r, and so by Proposition 3.2, v2aWn-2« = 0. Moreover, M is decomposable by Proposition 3.7. It follows then from Lemma 3.5 and Lemma 3.6 that WkWn-k = 0 for all 0 < fc < ra, and so by Theorem 3.3, M is a boundary. □ This result gives an interesting lower bound on the category of odd-dimensional, nonbounding, spin manifolds. We recall (see [8] In [4] , Milnor conjectured that the square of an orientable manifold is nonoriented cobordant to a spin manifold. This was subsequently proven by Anderson [1] . A natural question to ask is if the converse is true, i.e. is every spin manifold nonoriented cobordant to a square of an orientable manifold? It is shown in [4] that this is true in dimensions less than 24, but not in dimension 24. Proposition 2.9 provides us with the following converse for manifolds with cat(M) < 4. COROLLARY 4.3. Let M be an even-dimensional, spin manifold which does not bound in 9t", and let cat(M) < 4. Then M is nonoriented cobordant to a square of an oriented manifold.
PROOF. By Proposition 2.9, M is nonoriented cobordant to a square N x N and since W2(M) = 0 in p*, JV is cobordant to an orientable manifold. □ Of course if M is not a square, then cat(M) > 5. Such a manifold does exist in dimension 24 (see [4] ). As in Corollary 4.3, we can show that if M is an orientable manifold which does not bound in 9t", and cat(M) < 4, then M is unoriented cobordant to a square.
